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                \begin{document}$$ g\bigl(x^{*}, y\bigr)\leq0\quad\text{for every } y\in C. $$\end{document}$$ The solution set of problem ([1](#Equ1){ref-type=""}) is denoted by *Ω*. The equilibrium problem is very important because many problems arise in applied areas such as the fixed point problem, the (generalized) Nash equilibrium problem in game theory, the saddle point problem, the variational inequality problem, the optimization problem and others.

The basic method for solving the monotone equilibrium problem is the proximal method (see \[[@CR14], [@CR16], [@CR19]\]). In 2008, Tran et al. \[[@CR25]\] proposed the extragradient algorithm for solving the equilibrium problem by using the strongly convex minimization problem to solve at each iteration. Furthermore, Hieu \[[@CR9]\] introduced subgradient extragradient methods for pseudomonotone equilibrium problem and the other methods (see the details in \[[@CR1], [@CR8], [@CR10], [@CR15], [@CR17], [@CR22], [@CR28]\]).

In this paper, we consider the equilibrium problem whose constraints are the solution sets of equilibrium problems (bilevel equilibrium problems) : Find $\documentclass[12pt]{minimal}
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                \begin{document}$\varOmega^{*}$\end{document}$. The bilevel equilibrium problems were introduced by Chadli et al. \[[@CR4]\] in 2000. This kind of problems is very important and interesting because it is a generalization class of problems such as optimization problems over equilibrium constraints, variational inequality over equilibrium constraints, hierarchical minimization problems, and complementarity problems. Furthermore, the particular case of the bilevel equilibrium can be applied to a real word model such as the variational inequality over the fixed point set of a firmly nonexpansive mapping applied to the power control problem of CDMA networks which were introduced by Iiduka \[[@CR11]\]. For more on the relation of bilevel equilibrium with particular cases, see \[[@CR7], [@CR12], [@CR21]\].

Methods for solving bilevel equilibrium problems have been studied extensively by many authors. In 2010, Moudafi \[[@CR20]\] introduced a simple proximal method and proved the weak convergence to a solution of problem ([2](#Equ2){ref-type=""}). In 2014, Quy \[[@CR23]\] introduced the algorithm by combining the proximal method with the Halpern method for solving bilevel monotone equilibrium and fixed point problem. For more details and most recent works on the methods for solving bilevel equilibrium problems, we refer the reader to \[[@CR2], [@CR5], [@CR24]\]. The authors considered the method for monotone and pseudoparamonotone equilibrium problem. If a bifunction is more generally monotone, we cannot use the above methods for solving bilevel equilibrium problem, for example, the pseudomonotone property.

Inspired by the above work, in this paper, we propose a method for finding the solution for bilevel equilibrium problems where *f* is strongly monotone and *g* is pseudomonotone and Lipschitz-type continuous. Firstly, we obtain the convergent sequence by combining an extragradient subgradient method with the Halpern method. Second, we obtain the convergent sequence without Lipschitz-type continuity on bifunction *g* by combining an Armijo line search with the extragradient subgradient method.

Preliminaries {#Sec2}
=============
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Remark 2.3 {#FPar5}
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Lemma 2.6 {#FPar8}
---------

(\[[@CR18]\])
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Lemma 2.7 {#FPar9}
---------

*Suppose that* *f* *is* *β*-*strongly monotone on* *H* *and satisfies* (A4). *Let* $\documentclass[12pt]{minimal}
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Proof {#FPar10}
-----
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The extragradient subgradient Halpern methods {#Sec3}
=============================================

In this section, we propose the algorithm for finding the solution of a bilevel equilibrium problem under the strong monotonicity of *f* and the pseudomonotonicity and Lipschitz-type continuous conditions on *g*.

Algorithm 1 {#FPar11}
-----------
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                \begin{document} $$\begin{aligned} &y_{n}=\operatorname{arg}\min_{y\in C}\biggl\{ \lambda_{n}g(x_{n},y)+\frac{1}{2} \Vert y-x_{n} \Vert ^{2}\biggr\} , \\ &z_{n}=\operatorname{arg}\min_{y\in C}\biggl\{ \lambda_{n}g(y_{n},y)+\frac{1}{2} \Vert y-x_{n} \Vert ^{2}\biggr\} . \end{aligned}$$ \end{document}$$

*Step 2*. Compute $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$w_{n}\in\partial_{2}f(z_{n},z_{n})$\end{document}$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{n+1}= \eta_{n}x_{n}+(1-\eta_{n})z_{n}- \alpha_{n}\mu w_{n}. $$\end{document}$$ Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n=n+1$\end{document}$ and go back to Step 1.

Theorem 3.1 {#FPar12}
-----------

*Let bifunctions* *f* *and* *g* *satisfy Condition *[A](#FPar1){ref-type="sec"} *and Condition *[B](#FPar2){ref-type="sec"}, *respectively*. *Assume that* $\documentclass[12pt]{minimal}
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Proof {#FPar13}
-----

Under assumptions of two bifunctions *f* and *g*, we get the unique solution of the bilevel equilibrium problem ([2](#Equ2){ref-type=""}), denoted by $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\Vert x_{n+1}-x^{*} \bigr\Vert ^{2} \leq(1-\alpha_{n}\tau) \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}+2\alpha_{n}\mu\bigl\langle v,x^{*}-x_{n+1}\bigr\rangle . $$\end{document}$$ Let us consider two cases.
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The extragradient subgradient methods with line searches {#Sec4}
========================================================

In this section, we introduce the algorithm for finding the solution of a bilevel equilibrium problem without the Lipschitz condition for the bifunction *g*.

Algorithm 2 {#FPar14}
-----------
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                \begin{document}$$\textstyle\begin{cases} \lim_{n\rightarrow\infty}\alpha_{n}=0,\qquad \sum_{n=0}^{\infty}\alpha_{n}=\infty, \qquad \sum_{n=0}^{\infty}\alpha_{n}^{2}< \infty,\\ \lambda_{n}\in[\underline{\lambda},\overline{\lambda}] \subset (0,\infty),\qquad \xi_{n}\in[\underline{\xi},\overline{\xi }]\subset(0,2). \end{cases} $$\end{document}$$ Set $\documentclass[12pt]{minimal}
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*Step 2*. (Armijo line search rule) Find *m* as the smallest positive integer number satisfying $$\documentclass[12pt]{minimal}
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                \begin{document}$\gamma_{n}=\gamma^{m}$\end{document}$.
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                \begin{document}$\sigma _{n}=\frac{g(z_{n},x_{n})}{\|t_{n}\|^{2}}$\end{document}$
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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Lemma 4.1 {#FPar15}
---------

(\[[@CR26]\])
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Lemma 4.2 {#FPar16}
---------
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                \begin{document}$n_{\varepsilon}\in\mathbb{N}$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial_{2}g(x_{n},y_{n})\subset \partial_{2}g(\bar{x}, \bar{y})+\frac {\varepsilon}{\eta}B $$\end{document}$$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq n_{\varepsilon}$\end{document}$, *where* *B* *denotes the closed unit ball in* *H*.

Lemma 4.3 {#FPar17}
---------

(\[[@CR8]\])

*Let the bifunction* *g* *satisfy assumption* (B1) *on* $\documentclass[12pt]{minimal}
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Theorem 4.4 {#FPar18}
-----------

*Let the bifunction* *f* *satisfy Condition *[A](#FPar1){ref-type="sec"} *and* *g* *satisfy Conditions* (B1)--(B3) *and* (B5). *Assume that* $\documentclass[12pt]{minimal}
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                \begin{document}$\{x_{n}\}$\end{document}$ *generated by Algorithm* 2 *converge strongly to the unique solution of the bilevel equilibrium problem* ([2](#Equ2){ref-type=""}).

Proof {#FPar19}
-----
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                \begin{document} $$\begin{aligned} \bigl\Vert u_{n}-x^{*} \bigr\Vert ^{2} \leq& \bigl\Vert P_{C}(x_{n}- \xi_{n}\sigma _{n}t_{n})-P_{C} \bigl(x^{*}\bigr) \bigr\Vert ^{2} \\ \leq& \bigl\Vert x_{n}-\xi_{n} \sigma_{n}t_{n}-x^{*} \bigr\Vert ^{2} \\ =& \bigl\Vert x_{n}-x^{*} \bigr\Vert ^{2}-2 \xi_{n}\sigma_{n}\bigl\langle t_{n},x_{n}-x^{*} \bigr\rangle +\bigl(\xi_{n}\sigma_{n} \Vert t_{n} \Vert \bigr)^{2}. \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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From the numerical result Table [1](#Tab1){ref-type="table"}, we see that the sequence generated by our algorithms is convergent and effective for solving the solution of bilevel equilibrium problems. Table 1The results computed on Algorithm [1](#FPar11){ref-type="sec"}*n*N.P.Average iterationAverage times510720.721910102552.38595010122412.623510010154137.8766500101910465.510

Conclusions {#Sec6}
===========

We have proposed two iterative algorithms for finding the solution of a bilevel equilibrium problem in a real Hilbert space. The sequence generated by our algorithms converges strongly to the solution. Furthermore, we reported the numerical result to support our algorithm.
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